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The MGbius function p(n) of classical number theory is employed to calculate 
the numbers of connected graphs from the numbers of all graphs of a particular 
type when the counting polynomial for the latter is known. 
1. INTRODUCTION 
Connectivity is an important property of graphs and has been well 
studied in enumerative graph theory. It is well known, for example, that, 
if a counting series can be found which enumerates general graphs of a 
specified type with certain features, then the counting series for connected 
graphs of the same type having the same features can be found (the 
features of a graph can be the nodes, edges, double edges, circuits, etc., 
the only requirement being that the number of features of a given kind 
in a graph must be the total number of the same features in the compo- 
nents). Examples of this procedure are to be found in [l, 2, and 51. 
Theorem 1 of [5] states that, if K(N, , N, ,..., N, ; A,, A, ,..., A,) is 
the number of graphs of a specified type having Ni labeled features of 
the i-th kind (i = 1, 2,..., p) and A, unlabeled features of the j-th kind 
(j = 1, 2, 3 ,..., q), and if k(n, , n2 ,..., n, ; 01~ , 01~ ,..., LX,) is similarly defined 
for connected graphs of the specified type, then the counting series 
G(x, , xz ,..., x, ; ~1 , ~2 a..., WJ 
= c K(N, ..., N, ; A, ,..., A,) fi $j fi 4’j 
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are connected by the equation 
log{1 + W, , x2 ,..., x, ; ul ,..., u,)} = g(xl , x2 ,..., x, ; u1 , u2 ,..., u,), 
provided k(0, O,..., 0; 01~ , a2 ,..., aJ = 0 for all 01~ , 01~ ,..., cyn . We use the 
convention that G(0, 0 ,..., 0; 0, 0 ,..., 0) = 0. 
Gilbert’s theorem [l] for the number of connected graphs having p 
labeled nodes and q unlabeled edges is a corollary of this theorem. 
The corresponding result for wholly unlabeled graphs is given in 
Theorem 2 of [5], which is a direct consequence of equation (33) of [2] 
and states that the relation between the counting series 
G(u, , u2 ,..., u,) = c K(A, , A2 )...) A,) fi q  
j=l 
for general graphs, and the counting series 
g(u, ) 24 )...) 2.4,) = 1 k(ol, ) 012 )...) a,) f I  u3"' 
j=l 
for connected graphs, is 
lot41 + G(u, , 24 ,..., uo)} = f 1 g(ulT, u2r ,..., u,‘), 
7=1 r 
where k(0, O,..., 0) = 0, and G(0, 0 ,..., 0) = 0 by convention. 
Thus, to obtain the counting series for connected graphs it is necessary, 
in each case, to take the formal logarithm of the counting series for 
general graphs, while for the unlabeled graphs a further manipulation 
is necessary. Both of these manipulations are usually carried out by 
means of recursion formulae. 
In this paper, we show how the coefficients in the counting series for 
unlabeled connected graphs can be obtained non-recursively. For the 
first stage, which is the taking of the formal logarithm, we use a well- 
known result from the theory of symmetric functions [4], and for the 
second stage of the calculation we make use of the Mobius function and 
the Mobius inversion formula [3]. 
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2. RELATIONSBETWEEN COEFFICIENTS OFTHE~OUNTING SERIES 
In order to take the formal logarithm of the counting series for general 
graphs, we first express the series as a series in one variable with poly- 
nomial coefficients in the other variables. On differentiating with respect 
to the single variable, we derive a recurrence relation between the coeffi- 
cients. Thus, on writing 
1 + G(x, , x2 I . . . . x, ; u1 , u2 ,..., u,) = f GmxinL, with G,=l, 
m=O 
and 
log{1 + G(x, , x2 ,..., x, ; ~1 , ~2 ,..., u,>> = f gmxim, 
711=1 
where G, and g, are polynomials in all the variables except Xi , we get 
$, ~~~~~~ = exp (i, gmxim). 
If we differentiate (1) logarithmically, multiply both sides by gmxim, 
and equate coefficients of Xirn, we find that 
gm = G, - f , (2) 
for m > 0. When m = 0, g, = 0. 
This is the usual recursion formula. 
To find a non-recursive expression for g, , we compare the equation: 
with a well-known equation in the theory of symmetric functions [4], 
namely: 
log{1 + /2,x + /2,X2 + /2,X3 + *..} = SIX + $s2x2 + $s3x3 + ... ) 
from which can be derived the result: 
s m = (-1)-l 
2h, h, 1 
3h, h, h, 1 
% h, h, h, 1 
. . . . . 
. . . . h, 1 
mh, h,-, . . . * h, 
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We therefore have 
Gl 
2G, G, 1 
g, = (--lP1 ;; 
4 
2 
m 3 
z; ;, 1 (3) 
. . . . 
. . . Gl 1 
mG, G,,-, ’ . . . G, 
This is the end of the first stage of the calculation. We now move on 
to the second stage. 
3. USE OF MOBIUS INVERSION FORMULA 
The Mobius function p(n) has been defined in number theory [3] as 
follows: 
i 
1, ifn = 1 
p(n) = 0, if n has a squared factor, 
(-I>“, if n is the product of k distinct primes. 
Thus ~(1) = 1, ~(2) = - 1, ~(4) = 0, ~(6) = 1, etc. 
The Mobius inversion formula is defined for arithmetical functions as 
follows: Tf 
h-9 = C f(r), 
rln 
then 
f(n) = ; g(r) P (g 
= 2 g ($) P(I). 
Returning to the problem of unlabeled graphs, we have from Section 1, 
where 
log{1 + G(u, , uz ,..., ug)} = 5 ; g(ulc, uzT ,..., uq’), 
T=l 
and 
G(u, , uz ,..., u,) = 1 K(A, ) A, )...) A,) fi up ) 
j=l 
P 
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Hence, 
Let 
log c K(A, , A, )..., A,) fi up i = 1 X(a, )a, )...) a,) Ip 26; .j=l 1 j=l 
On equating coefficients of nTS1 up we obtain: 
k , ,..., 
4% > 6 ,..., 4 = c (+ + +) r 9 (4) rlal,az....,aq 
where r 1 a,, a, ,..., a, means that r divides each ui (i = 1,2,..., 4). Our 
next task is to invert Eq. (4), and we do so by means of the following 
theorem: 
THEOREM. 
&, , uz ,..., 4 = C 
Tlal&...,aq 
i p(r) h (+ , + ,..., 
Proof. 
But 
hence, 
c 
tlapz‘&...,a* 
+ k (+ , 9 ,..., F) = k(u, , a2 ,..., a,). 
BY Eq. (41, 
therefore, we have the result of the theorem. 
This completes the second stage of the calculation. 
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4. APPLICATION 
As an illustration of the entire procedure, we use an example given by 
Harary [2]. 
Harary enumerated the graphs on a given number of nodes and edges, 
and derived a formula for the number of connected graphs in terms of 
the number of all graphs. The counting polynomial for graphs is, by 
equation (11) of [2], 
g(x, y) = y + Y2(l + x) + y3(l + x + x2 + x3) 
+ y4(1 + X + 2x2 + 3x3 + 2x4 + x5 + x6) 
+ y5(~xsx++xf;2 + 4x3 + 6x4 + 6x5 + 6x6 + 4x7 + 2x8 
+ y”( 1 + x + 2x2 + 5x3 + 9x4 + 1 5x5 + 21x6 + 24x’ 
+ 24x8 + 21x9 + 15x10 + 9x11 + 5x12 + 2x13 + xl4 
+ xl”) 
+ y7(1 + x + 2x2 + 5x3 + 10x4 + 21x5 + 41x6 + 65x7 
+ 97x8 + 131x9 + 148xlO + 148~~~ + 131~~~ + 97x13 
+ 65x14 + 41x15 + 21x16 + 10x1’ + 5x1* + 2xls + x20 
+ x2’) 
+y”(l +x+2x2+5x3+ 11x4+24x5+56x6+ 115x7 
+ 221x8 + 402x9 + 663xlO + 980~~~ + 1312~~~ 
+ 1557~~~ + 1646~~~ + 1557~‘~ + 1312~~~ + 980~~~ 
+ 663x18 + 402~~~ + 221x20 + 1 15x21 + 56~~~ + 24~~~ 
+ 11x24 + 5x25 + 2x26 + x2’ + x2”) 
. . . + > 
where the coefficient of xmyn gives the number of non-isomorphic graphs 
having n nodes and m edges. 
If 
lofit{ 1 + dx, Y>> = c &Y”P 
where g, is a polynomial in x, it can be easily shown that g, satisfies 
J-h. (9 
On writing g, = C d,,,x” (m = 0, 1, 2,...) and on collecting all values 
of 4n.n , we get Table I. 
Let cm,, denote the number of connected graphs with n nodes and m 
edges. Then, 
d m,n 
On applying the result of the theorem to Eq. (6), we obtain: 
(6) 
0 
1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
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TABLE I 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
1 2 3 4 5 6 7 8 
1 B i t Q Q 
0 1 0 0 0 0 
0 0 1 & 0 0 
0 0 1 2 0 Q 
0 0 0 2 3 + 
0 0 0 1 5 6 
0 0 0 1 5 134 
0 0 0 0 4 19 
0 0 0 0 2 22 
0 0 0 0 1 20 
0 0 0 0 1 14 
0 0 0 0 0 9 
0 0 0 0 0 5 
0 0 0 0 0 2 
0 0 0 0 0 1 
0 0 0 0 0 1 
0 0 0 0 0 0 
0 0 0 0 0 0 
0 0 0 0 0 0 
0 0 0 0 0 0 
0 0 0 0 0 0 
0 0 0 0 0 0 
0 0 0 0 0 0 
0 0 0 0 0 0 
0 0 0 0 0 0 
0 0 0 0 0 0 
0 0 0 0 0 0 
0 0 0 0 0 0 
0 0 0 0 0 0 
.$ -i 
0 0 
0 0 
0 0 
0 .i 
0 0 
11 1 
33 23 
67 90 
107 236 
132 4863 
138 814 
126 11694 
95 14.54 
64 1579 
40 1515 
21 1290 
10 970 
5 658 
2 400 
1 220 
1 114 
0 56 
0 24 
0 11 
0 5 
0 2 
0 1 
0 1 
The values of c,,, are collected in Table II. This table agrees with the 
result of collecting the coefficients after subtracting equation (38) from 
equation (11) in [2] for n = 0 to 7. 
We note that c m _ l,m gives the number of trees on m nodes. 
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n 
\ m 0 1 
0 0 i 
1 0 0 
2 0 0 
3 0 0 
4 0 0 
5 0 0 
6 0 0 
I 0 0 
8 0 0 
9 0 0 
10 0 0 
11 0 0 
12 0 0 
13 0 0 
14 0 0 
15 0 0 
16 0 0 
17 0 0 
18 0 0 
19 0 0 
20 0 0 
21 0 0 
22 0 0 
23 0 0 
24 0 0 
25 0 0 
26 0 0 
27 0 0 
28 0 0 
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TABLE II 
- 2 3 4 5 6 I 8 
0 0 0 0 0 0 0 
1 0 0 0 0 0 0 
0 1 0 0 0 0 0 
0 1 2 0 0 0 0 
0 0 2 3 0 0 0 
0 0 1 5 6 0 0 
0 0 1 5 13 11 0 
0 0 0 4 19 33 23 
0 0 0 2 22 61 89 
0 0 0 1 20 107 236 
0 0 0 1 14 132 486 
0 0 0 0 9 138 813 
0 0 0 0 5 126 1169 
0 0 0 0 2 95 1454 
0 0 0 0 1 64 1579 
0 0 0 0 1 40 1515 
0 0 0 0 0 21 1290 
0 0 0 0 0 10 970 
0 0 0 0 0 5 658 
0 0 0 0 0 2 400 
0 0 0 0 0 1 220 
0 0 0 0 0 1 114 
0 0 0 0 0 0 56 
0 0 0 0 0 0 24 
0 0 0 0 0 0 11 
0 0 0 0 0 0 5 
0 0 0 0 0 0 2 
0 0 0 0 0 0 1 
0 0 0 0 0 0 1 
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